On the failure of Bell's theorem 



Gyula Bene 

Institute for Sòlid State Physics, Eótvos University, Múzeum krt. 6-8, H-1088 Budapest, Hungary 

(February 1, 2008) 



Using a new approach to quantum mechanics jï[, [Q we 
revisit Hardy's proof Q for Bell's theorem and point out a 
loophole in it. We also demonstrate on this example that 
quantum mechanics is a local realistic theory. 
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Bell's famous theorem states that no local realistic 
theory can fully reproduce quantum mechanical correla- 
tions. There are a number of very clear and convinc- 
ing proofs for this statement, both using inequalities Q- 
and without thcm §- jn), g. Certainly, all these 
proofs are logically correct, so they can fail only if one can 
show that tacitly all the time there has been made some 
natural-looking extra assumption beyond realism and lo- 
cality. If such an assumption is uncovered, then the usual 
contradiction appearing in the proofs of Bell's theorem 
may imply the failure of this extra assumption rather 
than that of the principle of locality or realism. It has 
recently been demonstrated on the example of Bell's in- 
equality that it is actually the case , j| . In the present 
paper we point out the failure of Bell's theorem by re- 
visiting Hardy's proof Q which is probably the simplest 
and most powerful one and does not use inequalities. 

Suppose that an EPR-Bcll experiment is performed on 
a two-particle system. The results of the measurements 
(in a particular run) are denoted by a and b, respectively, 
and the hidden variable characterizing the original two- 
particle state be A. Realism is equivalent with the state- 
ment that each of these three quantities is an element 
of the reality. The extra assumption mentioned above is 
the following: 

realism (as expressed above) implies that the quantities 
a, b, X can be in principle compareu 1 . 

Without this assumption one could not assign a joint 
probability to the set {a, b, A} or could not speak about 
events when these quantities simultaneously have certain 
dcfmite vàlues. Certainly this assumption looks rather 
obvious, however, it does not follow on a purely logical 
ground. Formally, the comparability of the above quanti- 
ties would mean that also the set {a, 6, A} is an element 
of reality. However, the condition that a, b and A are 
elements of the reality implies only that the set {a, b, A} 
is a subset of the reality. 

In the recent theory [Q, which underlies our con- 
siderations, the role of the quantities a, b and A is played 
by certain quantum states, and thcir reality means that 
any of them can be determined by a suitable measure- 



ment with unit probability, without changing that state. 
It does not imply, however, that all the three appropriatc 
measurements can be performed simultaneously without 
changing the states and their correlations. Indeed, the 
measurement which does not disturbe the state corre- 
sponding to A does change another state, which leads to 
a change of the correlation between a and b. Therefore, 
the states corresponding to a, b and A exist, yet it is 
physically meaningless to speak about events of the type 
a A b A A. 

Let us briefly review the theory |2j. According 
to it one and the same system S can be characterized 
by a multitude of states ps{Ri), ps{R2), where the 
quantum reference systems R\, R2, ... are also physical 
systems which contain the system S. These states are all 
elements of the reality, as in principle any of them can be 
learned with unit probability by a suitable measurement 
which does not disturbe that state. Mathematically these 
states are positive definite hermitian operators with unit 
trace, and they act on the Hilbert space of the system S. 
The theory keeps the Schròdinger equation unchanged, 
but rejeets the idea of the collapse of the wave function. 
The interrelation of the states is specified by a few new 
postulates which allow for the description of the measure- 
ments themselves as usual interactions between physical 
systems. The postulates (which will be needed in the 
discussion below) are the following: 

Postulate 1. The state ps{S) is always a single dyad 
\ips >< ipsl- We shall call both ps(S) and \if)g > the 
internal state of S. 

Postulate 2. p s (R) = Tr R \ S \ip R >< tp R \ 

Postulate 3.7/ the reference system R — I is an iso- 
lated one [] then the state ps(I) commutes with the inter- 
nal state ps(S). 

Postulate 4. The result of a measurement is contained 
unambigously in the internal state of the measuring de- 
vice. 

Postulate 5. If there are n (n = 1, 2, 3, ...) dis- 
jointed physical systems, denoted by 
Si, S2, ■■■S n , 0,11 contained in the isolated reference sys- 
tem I and having the possible internal states \<f>s lt j > 



1 We define an isolated system as such a system which has not 
been interacting with the outside world. In contrast, a closed 
system is such a system that is not interacting with any other 
system at the given instant of time (but might have interacted 
in the past). 
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, \(f>s n ,j >? respectively, then the joint probability that 
\4>S ií j i > coincides with the internal state of Si (i = 1, ..n) 
is given by 

P(Si,ji, ...,S n ,j n ) 
= Tr Sl+ ,„ + s n [ws 1 ,j 1 -'rrs„,j n ps 1 +...+s n (I)], (1) 

where ít Suji = \4>s it ji >< <f>St,ji\- 

Let us recali now Hardy's proof ^ for Bell's theoremQ. 
The initial state of the two particle system P\ + P2 is 



\Í> >Pi+p 2 = "l+i > 1+2 > > |-2 > • 



(2) 



where a and (3 are real positive numbers with a 2 +f3 2 = 1 
and a / (3. One defines the normalized states 

|«i >= b\+ l > +a\-i > 
\ví >= -a\+i > +b\-i > , 

where 



a + 



b = 



a + 13 



Obviously, < Uí\ví >= 0. Let us define further normal- 
ized states 

\a >= A\m > +B\ví > 
\di >= -B\m > +A\ví > , 



where 



A = 



a/3 



1 - a(3 ' 



B = 



(3-a 
y/\-af3 



Again, < Ci\di >= follows. Consider now the observ- 
ables Ui and Di corrcsponding to the operators Ui — 
\uí >< Ui\ and D i = \di >< di\, respectively. Now 
one considers four different measurements and calculates 
their outcome according to Standard quantum mechanics. 

1 . If Ui and U2 are measured (where the indices refer 
to the corresponding partides), then U1U2 = 0. 

2. If Di and U2 are measured, then D\ = 1 implies 
U 2 = 1. 

3. If U± and D2 are measured, then D 2 = 1 implies 
Ux = 1. 

4. If Di and D2 are measured, then D\ = 1 and 
D2 = 1 happens with probability 

a 2 f3 2 (a- /3) 2 /(l - a/3) 2 . 



Now the argument goes on as follows. Suppose that 
one measures Di and D2, and at some (unknown) value 
A of the hidden parameter (which characterizes the orig- 
inal two particle state) -Di(A) = 1 and D 2 (X) = 1 occurs. 
As can be seen above (cf. item 4.), there is a finit e prob- 
ability for that. But then item 2. and item 3. imply 
(provided that the principio of locality holds), that at 
the same value of the hidden parameter C/2(A) = 1 and 
Ui(X) = 1, that contradicts item 1., which states that 
this situation cannot happen. The conclusion of Ref. Q 
is that the principle of locality fails. 

Let us consider now the above situation from the point 
of view of the new theory Q], j|. The initial state 

>p 1 +p 2 of the two particle system corresponds to the 
initial internal state Ap 1+ p 2 (-Fi + P2) (cf. Postulate 1.). 
Let us calculate now the state pp 1 (Pi + ^2)- According 
to Postulate 2., it is 

p Pl (Pi + P2) = l+i > a 2 < +i| + |-! > 13 2 < -i\ . (3) 

Assuming that initially P\ + P2 is an isolated system^] 
we can apply Postulate 3.. We get that the internal 
state pp 1 (Pi) is either |+i >< with probability a 2 
(as implied by Postulate 5. with n = 1) or 
|— 1 >< — 1| with probability 1 . Similar ly, we get that 
PP1ÍP2) is either |+ 2 >< +2I with probability a 2 or 
|— 2 >< — 2I with probability 1 . Applying now Pos- 
tulate 5. with n = 2 we get that pp^Pi) = |+i >< +i| 
and pp 2 {P2) = |— 2 >< — 2I cannot simultaneously hap- 
pen, and pp t {Pi) = |-i >< -i| and /5p 2 (P 2 ) = |+2 >< 
+2I cannot happen, either. In other terms, if the inter- 
nal state of Pi is l+i >, then the internal state of P 2 is 
|+2 >, and if the internal state of P\ is | — 1 >, then the 
internal state of P2 is |— 2 >■ We shall say briefly that the 
internal state of Pi and that of P2 are uniquely related. 
Let us denote the eigenstates of the measured observ- 



able by > = 1,2). This means that |^ > 

(|^2 >) can be either |u, > (|u, >) or |cj > (\di >). 
The dynamics of the measurement be given by the rela- 
tions (these are assumed to be approximately the same as 
that one would get from the time dependent Schròdinger 
equation) 



(i) 



where 



I£?>l4°>- \ f>\mf ) >, 



(4) 



> is the initial internal state of the z-th mea- 
suring device and > describes the measuring device 
whcn it displays the j-th result. 



Nearly the same notations are used as in M, however, we 
renormalize the states by some — 1-s and i-s, in order to have 
every where real coefficients. 



In a more rigorous treatment one should also include the 
preparation process of the state \ip >p 1 +p 2 . This, however, 
does not have any significant influence on the final results. 
For such a treatment (in connection with the EPR paradox) 
see Ref. É. 
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The initial internal state of the system Pi + P 2 + M\ 
M 2 is 



H+i > I+2 > > |-2 >) |m W > \m^> > . (5) 

Using again Postulate 1., Postulate 2. and Postu- 
late 3. as above, one can show that the initial internal 
state of the subsystem P 1 + M 1 is either |+i > |m W > Pm x (Pi + P2 + M x + M 2 ) = \mf ] > Pj < mf ] \ , (10) 



,(2) 



If we want to know what the result of a measurement 
is, according to Postulate 4. we have to calculate the 
internal state of the corresponding measuring device. In 
order to do that first we determine e.g. 
PAh [Pi + P2+ Mi + M 2 ) from Eq. (|) by applying Pos- 
tulate 2.. We get 



|— 1 > \rriQ >, so the initial internal state of Pi is 
uniquely related to that of Pi + Mi . Moreover, as Pi + Mi 
is a closed system , its initial internal state is uniquely 
related to its final internal state. This latter is (using Eq. 
d)) either 



!</>->= £<£f |-r > |ef > |mf > . (7) 

3 

Thus we conclude that the initial internal state of P, is 
uniquely related to the final internal state of Pí + Mí. We 
can check this if we calculate first the final internal state 
of the isolated system Pi+ P 2 + M\ + M 2 and from that 
determine what can be the final internal state of Pi + Mi. 
We get for the final internal state of P\ + P 2 + Mi + M 2 



Ml 



><a+ 2 > 



ú,k 



-P<if ) \- 1 xi[ I) \- 2 > 
x\ép>\mf >\tf> >\mf> > 

Using Postulate 2. we get for 

p Pl+Ml (Pi + P 2 + Mi + M 2 ) 



(8) 



(2)| 



"2 > 



3,3', k 



-0<^\~1 ><&>\-2> 

(a<^ 1) i+i><ef ) i+2> 



:(2)| 



-p<c?\-i ><en- 2 > 

x|Cj X) > \mf ] ><mf\ <^| (9) 
= |0+ > o? < 0+| + |0_ > 1 < 0_| . 

Here the completeness relation J2k \£l >< ^1 = 1 nas 
been used. As we see, the eigenstatcs of 
p Pl+Ml (Pi + P 2 + Mi + M 2 ) are just (§) and (|). There- 
fore, according to Postulate 3. we find that the inter- 
nal state of Pi + Mi is indeed either (||) or (|^) , moreover, 
Postulate 5. implies that the corresponding probability 
is a 2 and /3 2 , respectively. 



(2)| 



where Pj 



<d 1} i +1 > 



p 2 



«i 



> 



Let 



us emphasize that it is independent of the second mea- 
surement process. According to Postulate 3. this im- 
plies that the internal state of the first measuring de- 
vice is either > or \m 2 >■ This is what we ex- 
pected, as these states describe the measuring device 
displaying a definite result. The corresponding proba- 
bilities (according to Postulate 5.) are the eigenvalues 



<a+i> 



■0 1 



Wi 



-1 > 



Note that this ex- 



pression may be interpreted as one intuitively expects: a 2 
and (3 2 are the probabilities that the initial internal state 
of Pi is l+i > or | — 1 >, respectively, while the factors 



(1) 



> 



Mi 



> 



are the conditional prob- 



ability to get the j-th result provided that the the initial 
internal state of P\ has been |+i > or | — 1 >, respectively. 

Up to now we have seen that the initial internal state 
of Pi uniquely determines the first measurement process 
(i.e., the time evolution of the internal state of Pi + Mi) 
and determines the result of the first measurement in the 
usual probabilistic sense. The analogous statement holds 
for the second measurement. We have also seen that the 
two measurement processes do not influence each other. 
Therefore, our theory satisfies the principle of locality, 
and the role of A (the hidden variable) is played by the 
initial internal state of one of the partides 0. 

Let us consider now the correlations between the mea- 
surements. As we already know the possible internal 
states of the measuring devices, Postulate 5. (with 
n = 2) can be directly applied. The result is 



P(Mi,j,M 2 ,k) 



a < Ç 



(i) 



-1 xefi+2 > 



Mi 



-1 ><d 2) l 



-2 > 



(11) 



Inserting here \uí > (\v l >) or |c, > (\d t >) for > 

(id^ >) we can readily recover the above items 1.-4., 
i.e., the Standard quantum mechanical predictions. This 
means that our theory is a counterexample to Bell's theo- 
rem, as it is a local realistic theory, yet it fully reproduces 
the Standard quantum mechanical correlations. 



4 It is enough to consider only one of them, as their initial 
internal states are uniquely related. 
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What is then wrong with the argument of H? That ar- 
gument relies on the existence of an event when D\ = 1 , 
£>2 = 1 and X has a definite value. In our case this can 
be translated to the statement that there is a nonzero 
probability that { initially the infernal state of P\ coin- 
cides with e.g. |+i > and finally the internat state of 
Mi coincides with > and the internat state of 

(2) 

M 2 coincides with \m\ >}.However, it turns out that 
such a probability cannot be defined within the frame- 
work of our theory, and it is physically meaningless to 
speak about the above event. Let us show this in more 
detall. The first difficulty when trying to find a suit- 
able expression for the probability in question arises be- 
cause we want to compare states givcn at diffcrcnt timcs, 
while the theory provides us only with equal time cor- 
relations. However, the initial infernal state of P\ is 
uniquely related to the final infernal state of P\ + M\, 
so we may try to find the probability of the event that 
{ the final internat state of P\ + M\ coincides with 



Ej < Cj 1+1 > \Cj > K >[|and the final inter- 
nat state of M% coincides with > and the final 

(2) 

internat state of M2 coincides with \m 2 >}.But now 
the problem is that the systems involved (i.e., Pi + M\, 
Mi and M2) are not disjointed, while Postulate 5. ap- 
plies for disjointed systems. If we yet try to apply Eq. 
(Q) directly, we get the expression 



"<+ild 1} 



><uú 2) > 



x(a<^ 1) |+i><d 2) |+2> 

-í3<é2 1) \-i><é 2) \-2> 

a 2 /? 4 (/3-a) 



(12) 



(a + Í3)(l - a/3) 2 



If a > f3, this expression becomes negative. If a < f3, 
this expression becomes larger than P(Mi,2,M2,2) = 
P(Di,D 2 ) = a 2 (3 2 (a - /3) 2 /(l - a/3) 2 , showing that in 
that case the "probability" of the event obtained by re- 
placing l+i > with | — 1 > is negative. Thus we see that 
no reasonable definition of the probability in question 
can be given. This also means that the events (a, b) can- 
not be classified according to the value of A, hence no 
contradiction can be derived. 

In more physical terms the situation is the following. 
As it has been shown in Refs. [jïj, Q any state can in 
principle be measured without disturbing it. However, 
if we try to perform such nondisturbing measurements 
on several systems simultaneously, it will not change the 
states and their correlations only if the systems are dis- 
jointed. In that case the measurement of one system does 



not disturbe the other one. But if the systems are not 
disjointed, a measurement which does not disturbe one 
particular state will disturbe another one. Therefore, in 
such a case one should conclude, that although the states 
individually exist, they cannot be compared.^ This cir- 
cumstance has not been taken into account in the proofs 
of Bell's theorem. This made possible the construction 
of the local realistic theory jïj, which is an explicit 
counterexample to Bell's theorem. 
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In this case >= |ci > and jí^ >= \di > 



(i) 
2 



6 If we try to compare them via extra measurements, these 
measurements will change the correlation. E.g. if we perform 
a nondisturbing measurement on P\ still before the other two 
measurements in order to record the initial internal state of 
P\ , then the above joint probability becomes meaningful, but 
due to the measurement P(a,b) — P(Mi , j, M2 , k) changes || 
so much that no contradiction can be constructed. 
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